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ABSTRACT
We propose a model-independent way to determine the cosmic curvature using the Hubble parameter
H(z) measured with cosmic chronometers and the comoving distance D(z) inferred from HII galaxies.
We employ Gaussian processes to smooth the measure of distance and match it to 30 values of H(z).
The curvature parameter Ωk may be obtained individually for each such pair. The weighted average
for the complete sample is Ωk = −0.0013 ± 0.0004, suggesting a bias towards negative values. The
accuracy of the curvature measurement improves with increased redshift, however, given possible
systematic effects associated with local inhomogeneities. We therefore also analyze a high-redshift
(z > 1.5) sub-sample on its own, which is more likely to reflect the geometry of the Universe on
large, smooth scales. We find for this set of data that Ωk = −0.0111± 0.0416, consistent with zero to
better than 1σ. This result is in agreement with the spatially flat universe inferred from the cosmic
microwave background observations. We expect this method to yield even tighter constraints on the
curvature parameter with future, more accurate observations of HII galaxies at high z.
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1. INTRODUCTION
The spatial curvature constant of the universe is one
of the most fundamental and vital parameters in mod-
ern cosmology. Estimating whether the universe is
open, flat, or closed is a robust way to test the homo-
geneous and isotropic Friedmann-Lemaˆıtre-Robertson-
Walker (FLRW) metric. It is also closely related to many
important problems, such as the evolution of the Uni-
verse and the nature of dark energy. A significant de-
tection of nonzero curvature would produce far-reaching
consequences for fundamental physics and inflation the-
ory(Ichikawa et al. 2006; Clarkson et al. 2007; Gong &
Wang 2007; Virey et al. 2008). As of today, however, a
flat Universe is supported by most of the observational
data, including the latest Planck result (Planck Collab-
oration et al. 2018).
There exists a strong degeneracy between cosmic cur-
vature and the dark-energy equation of state, however,
so we cannot directly constrain these two quantities si-
multaneously. In general, the universe is assumed to be
flat for the analysis of dark energy, or dark energy is as-
sumed to be a cosmological constant for the determina-
tion of curvature. But such simplified assumptions may
result in errors and confusion, even though the true cur-
vature is known to be very small (Clarkson et al. 2007;
Virey et al. 2008). In Clarkson et al. (2007, 2008), when
arguing the defects of a zero curvature assumption, a di-
rect curvature determination method was proposed via
combining measurements to yield the expression
Ωk =
[H(z)D′(z)]2 − c2
[H0D(z)]2
, (1)
where D′(z) ≡ dD(z)/dz, c is the speed of light,
and H0 is the Hubble constant. The quantity D(z)
is the comoving distance, which may be expressed al-
ternatively in terms of the angular-diameter distance,
D(z) = (1+z)DA(z), or the luminosity distance, D(z) =
DL(z)/(1 + z) (Hogg 1999). Using this equation, one
may measure the cosmic curvature with a pair of obser-
vations yielding the redshift-dependent distance and rate
of expansion in a model independent way, without the
need of introducing other model parameters or a dark-
energy model. In principle, one may use this approach to
measure the curvature at any single redshift though, of
course, the accuracy improves with a statistical weight-
ing over a large redshift range.
Since its proposal, this method has been used on
many occasions (Shafieloo & Clarkson 2010; Mo¨rtsell &
Jo¨nsson 2011; Li et al. 2014; Sapone et al. 2014; Yahya et
al. 2014; Cai et al. 2016; Rana et al. 2016). For example,
one may extract the necessary data from Baryon Acous-
tic Oscillations (BAO) (Yu & Wang 2016), or Type Ia
SNe Suzuki et al. (2012) and strong gravitational lenses
from the Sloan Lens ACS Survey Bolton et al. (2008);
Li et al. (2016); Wang et al. (2017). In this paper, we
propose a new method based on the measurement of dis-
tances with HII galaxies, and the expansion rate with
cosmic chronometers. We first reconstruct the distance
modulus as a function of redshift z using Gaussian Pro-
cess, from which we can calculate a continuous comoving
distance and its error. This function may be evaluated
at the 30 individual redshifts where H(z) has been mea-
sured. In principle, the cosmic curvature may therefore
be measured at 30 different redshifts.
The structure of this paper is as follows. The data are
described in § 2, which includes the most recent obser-
vations of HII galaxies and cosmic chronometers. In § 3,
we introduce the methodology of our model-independent
approach for constraining Ωk. The results and discussion
are presented in § 4, and we conclude § 5.
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22. OBSERVATIONAL DATA
2.1. Hubble parameter from cosmic chronometers
The Hubble parameter H(z) provides the redshift-
dependent expansion rate of the universe. In recent
years, H(z) has been measured using two approaches:
(1) via the detection of radial BAO features (Gaztan˜ag
et al. 2009; Blake et al. 2012; Samushia et al. 2013) which,
however, requires the adoption of a particular cosmolog-
ical model, e.g., to disentangle the BAO signal from con-
tamination due to internal redshift space distortions; (2)
the so-called cosmic-chronometer approach, in which one
calculates the value of dz/dt (the derivative of redshift
relative to cosmic time), as first proposed by Jimenez &
Loeb (2002). This quantity can be obtained by measur-
ing the differential age of two red galaxies at different
redshifts. The distinct advantage of method (2) over (1)
is that no cosmology needs to be assumed, providing a
model-independent evaluation of H(z):
H(z) = − 1
(1 + z)
dz
dt
≈ − 1
(1 + z)
∆z
∆t
. (2)
Since the cosmic-chronometer approach is the only
model-independent method of determining H(z), we
shall use it exclusively for the analysis in this work. The
30 measurements of H(z) from Leaf & Melia (2017) are
listed in Table 1. These are chosen from the compila-
tion in Zheng et al. (2016), though omitting those values
obtained with BAO.
2.2. HII galaxies
The HII galaxy sample used in this paper comprises
156 sources in total, including 25 high-z HII galaxies, 107
local HII galaxies, and 24 giant extragalactic HII regions
(Terlevich et al. 2015). For these sources, one determines
the line fluxs F (Hβ) and gas velocity dispersion σ(Hβ),
which may be used together with the correlation L(Hβ)−
σ(Hβ) between the luminosity and σ(Hβ) (Cha´vez et al.
2012, 2014; Terlevich et al. 2015) to infer the luminosity
distance:
logL(Hβ) = α log σ(Hβ) + κ , (3)
where σ(Hβ) is the velocity dispersion of the Hβ line,
α is the slope and κ is the (constant) intercept (i.e., the
logarithmic luminosity at log σ(Hβ) = 0). Although the
coefficients α and κ may be model-dependent, so that one
would normally need to optimize them simultaneously
with the cosmological parameters, Wei et al. (2016) have
shown that these parameters are very insensitive to the
underlying cosmology. Therefore, we may directly use
the average optimized values in Wei et al. (2016), which
are α = 4.87+0.11−0.08 and σ = 32.42
+0.42
−0.33. The variation of
these quantities between different cosmological models is
smaller than the quoted error.
Then, using the L(hβ)− σ(Hβ) relation, the distance
modulus of an HII galaxy is given as
µobs = −σ(Hβ) + 2.5[α log σ(Hβ)− logF (Hβ) .] (4)
The error σµobs in µobs is calculated as
σµobs = 2.5[(ασlog σ[Hβ])
2 + (σlogF [Hβ])
2]1/2 . (5)
For convenience, one may combine κ and the Hubble
Table 1
30 Hubble Parameter measurements using cosmic chronometers
Redshift H(Z) σH Reference
(km s−1 Mpc−1) (km s−1 Mpc−1)
0.07 69 19.6 Zhang et al. (2014)
0.09 69 12 Jimenez et al. (2003)
0.12 68.6 26.2 Zhang et al. (2014)
0.17 83 8 Simon et al. (2005)
0.1791 75 5 Moresco et al. (2012)
0.1993 75 5 Moresco et al. (2012)
0.2 72.9 29.6 Zhang et al. (2014)
0.27 77 14 Simon et al. (2005)
0.28 88.8 36.6 Zhang et al. (2014)
0.3519 83 14 Moresco et al. (2012)
0.3802 83 13.5 Moresco et al. (2012)
0.4 95 17 Simon et al. (2005)
0.4004 77 10.2 Moresco et al. (2016a)
0.4247 87.1 11.2 Moresco et al. (2016a)
0.4497 92.8 12.9 Moresco et al. (2016a)
0.4783 80.9 9 Moresco et al. (2016a)
0.48 97 62 Stern et al. (2010)
0.5929 104 13 Moresco et al. (2012)
0.6797 92 8 Moresco et al. (2012)
0.7812 105 12 Moresco et al. (2012)
0.8754 125 17 Moresco et al. (2012)
0.88 90 40 Stern et al. (2010)
0.9 117 23 Simon et al. (2005)
1.037 154 20 Moresco et al. (2012)
1.3 168 17 Simon et al. (2005)
1.363 160 33.6 Moresco (2015)
1.43 177 18 Simon et al. (2005)
1.53 140 14 Simon et al. (2005)
1.75 202 40 Simon et al. (2005)
1.965 186.5 50.4 Moresco (2015)
constant H0 together as Wei et al. (2016)
σ(Hβ) = −2.5κ− 5 log10H0 + 125.2 . (6)
Correspondingly, the theoretical distance modulus is
given as
µ = 5 log[
D˜L(z)
Mpc
] , (7)
where D˜L(z) ≡ H0DL(z). In our calculations, we adopt
a Hubble constant H0 = 70 km s
−1 Mpc−1, but the
actual value of H0 does not affect the final result because
it cancels out from the various expressions.
3. GAUSSIAN PROCESSES (GP)
To reconstruct the distance modulus µGP as a func-
tion of redshift from equation (4), we use the GP code1
developed by Seikel et al. (2012). This algorithm pro-
vides both the distance modulus and its error directly.
The results of this reconstruction are shown in figure 1,
which includes both the distance modulus µGP (log10[z])
and its first derivative µ
′
GP (log10[z]). In the last step, we
to convert log10(z) into the redshift z and thereby calcu-
late µ from µGP . From equation (7), one then infers the
luminosity distance, its first derivative and their errors,
from the ‘measured’ quantities µ, µ
′
and σµ and σµ′ . The
outcome of this procedure is displayed in figure 2.
1 http://www.acgc.uct.ac.za/ seikel/GAPP/index.html
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Figure 1. Top: (Solid black) The GP reconstruction of the dis-
tance modulus µGP (log10[z]), based on equation (4) using HII
galaxy data. The sample contains 156 HII-regions and Galaxies,
shown as red circles with 1σ error bars. The dark blue swath rep-
resents the 1σ confidence region of the reconstruction, while light
blue is 2σ. Bottom: (Solid black) The GP reconstruction of the
first derivative µ
′
GP (log10[z]). The shaded swaths have the same
meaning as in the top panel.
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Figure 2. (Solid black) The continuous luminosity distance (top-
left) and its first derivative (top-right), and comoving distance
(bottom-left) and its first derivative (bottom-right). The shaded
swaths show the 1σ confidence regions.
4. RESULTS AND DISCUSSION
The outcome of our calculated spatial curvature pa-
rameter Ωk, based on equation (1), is shown in figure 3.
The accuracy of these measurements improves with in-
creasing redshift z; the level of accuracy is limited by the
quality of the data. Not surprisingly, our results become
more consistent with the flatness inferred from the cosmic
microwave background when we sample larger redshifts,
spanning distances over which systematic effects from lo-
cal inhomogenieties are smoothed out. At low z, we find
that Ωk is biased towards negative values, differing from
zero by more than 1σ, while at high z, the relative error
in Ωk is much reduced (see bottom panel in fig. 3). All of
the high-z values are consistent with zero to better than
1σ.
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Figure 3. Upper panel: 30 measurements of the spatial curvature
parameter Ωk, shown as red circles with 1σ error bars. Lower panel:
the 1σ errors shown in greater detail.
We tracked the source of error step by step and found
that, at low z, the uncertainty is mainly due to errors
in the HII-galaxy data. A tiny change in the recon-
structed distance modulus would result in a very sig-
nificant change to these nearby Ωk results, even allowing
them to flip from positive to negative. There is no such
effect at high z, however, with Ωk remaining consistent
with zero. The low-z determinations of Ωk are too sen-
sistive to errors in the data, and we therefore view these
as being not credible compared to their high-z counter-
parts.
We express our results in terms of weighted averages,
Ωk =
∑
i Ωk,i/σ
2
Ωk,i∑
i 1/σ
2
Ωk,i
, (8)
where Ωk,i and σΩk,i are the individually determined flat-
ness parameters and their errors. The corresponding un-
certainty in our weighted Ωk is estimated in the same
way:
σ2Ωk =
1∑
i 1/σ
2
Ωk,i
. (9)
4Table 2
Weighted averages of Ωk within various redshift bins
z Ωk σΩk
0.0 - 2.0 -0.001344 0.000430
0.5 - 2.0 -0.001330 0.000430
1.0 - 2.0 0.104908 0.033494
1.5 - 2.0 -0.011062 0.041631
Reclassifing these data into 4 (redshift) sub-samples,
z > 0, z > 0.5, z > 1.0, z > 1.5, allows us to gauge
the impact of large-scale smoothing with greater preci-
sion. The averaged results are shown in Table 2. We see
clearly that the ratio Ωk/σk gets smaller with increasing
redshift cutoff. The highlights of this work are (1) that
Ωk = −0.0013±0.0004 when all of the currently available
data are used, while the most reliable sub-sample, with
z > 1.5, yields a measurement Ωk = −0.01 ± 0.04, fully
consistent with a flat Universe, as implied by the most
recent Planck data (Planck Collaboration et al. 2018).
We expect that as the precision of the HII Galaxy data
improves, especially at high redshifts, our approach will
yield an even more accurate determination of Ωk.
5. CONCLUSION
We have introduced a new model-independent method
of calculating the curvature parameter Ωk using a sample
of HII Galaxies and cosmic chronometers, based on the
work of Clarkson et al. (2007). Since no cosmology is
needed to infer H(z) from the latter, the data used in
this approach are unbiased by the choice of model, which
in the end might not be completely correct. In addition,
we have inferred the comoving distance as a function of
redshift using a standard candle constructed with HII
Galaxies, whose parametrization has also been shown to
be insensitive to the underlying cosmology. To use this
approach, one therefore does not need to rely on a fiducial
cosmology and assumed priors.
The flatness parameter is proportional to the balance
of energy locally, i.e., the sum of positive expansion ki-
netic energy and negative potential energy. Spatial flat-
ness implies a net zero energy, arguably the most ‘ele-
gant’ initial condition at the big bang. Such a condition
might even be viewed as some supporting evidence in
favour of a quantum fluctuation in vacuum for the ori-
gin of the Universe. Our analysis confirms the flatness
inferred by Planck, thereby possibly obviating—at least
with this level of accuracy—the need to consider new
physics associted with an initial condition of non-zero en-
ergy. Our expectation is that the acquisition of a more
accurately measured HII Galaxy sample, particularly at
high z, should provide an even more stringent constraint
on Ωk than we have obtained here.
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